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CM II 2004 A spherical pendulum of mass M connected to the bottom
of a massless rod of length R. The upper end of the rod is connected to a
pivot which allows it to swing in any direction. Assume the system is in a
constant gravitational field g.

(a) Using the Lagrangian formalism, find the equations of motion for the
pendulum in terms of the polar angle θ and azimuthal angle φ (Do not as-
sume small angles for the motion).
(b) Find all conserved quantities.
(c) Using these conserved quantities, eliminate as many coordinates from the
problem as possible, and write an expression for the total energy, E. Using
this expression, define an effective potential.
(d) Under appropriate conditions, a spherical pendulum can have stable cir-
cular orbits. Find a condition for these orbits in terms of the conserved quan-
tities. Can one define a frequency of small oscillations about these circular
orbits? if son, give a general expression for the frequency of such oscillations

Solution
(a) Using the standard expressions for Cartesian coordinates in terms of
spherical coordinates, we can immediately write down the Lagrangian for
the mass,

L =
1

2
mR2(θ̇2 + sin2 θφ̇2) +mgR cos θ (1)

From equation (1) the equations of motion become

d

dt
(mR2θ̇) = mR2 sin θ cos θφ̇2 −mgR sin θ (2)
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d

dt
(mR2 sin2 θφ̇) = 0 (3)

(b) From the equations of motion, it is evident that the momentum pφ is
conserved since φ is a cyclic coordinate, i.e, the Lagrangian does not depend
on φ. We also have that the Hamiltonian H is conserved since the Lagrangian
doesn’t explicitly depend on time. Lastly, the energy is conserved since the
potential is time-dependent. It is important to note that the Hamiltonian
and the energy do not coincide since the kinetic energy is not a quadratic
homogeneous form of velocities.

(c) Eliminating pφ in favor of Lz, we can write an expression for the total
energy E. The result is

E =
mR2θ̇2

2
+

L2
z

2mR2 sin2 θ
−mgR cos θ (4)

From here we can define an effective potential Veff (θ). It should be evident
from equation (4)

Veff (θ) =
L2
z

2mR2 sin2 θ
−mgR cos θ (5)

We see that it differs from a plane pendulum due to the centrifugal term.

(d) For stable circular orbits, we need that E = min(Veff (θ). Doing some
algebra we get a transcendental equation for θ,

sin3 θ tan θ =
L2
z

m2R3g
(6)

If θ0 is a solution to equation (6) we will have stable circular orbits as long
as

1

2mR2

d2Veff
dθ2

(7)

evaluated at θ0 is larger than zero.
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To define the frequency of small oscillations, we expand the effective po-
tential around the equilibrium value of θ keeping up to second order terms
in the Taylor expansion. Doing this reduces the equation for θ and equation
(7) coincides with ω2.

CM I Aug. 2001 A disk of mass M and radius a. It is constrained to
roll on the inner edge of a massless hoop of radius R. The hoop is vertical
and is forced to rotate about the vertical diameter with an angular velocity
ω. The system is in a constant gravitational field of strength g pointing down.

(a)Find the equations of motion for the disk.
(b) Find the equilibrium angle of the disk .
(c) Find the frequency of small oscillations about the equilibrium.

Solution

(a) The Lagrangian for a rigid body can be written in the usual way

L =
mV 2

2
+
Iω2

2
− U (8)

where V is the velocity of the center of mass, I is the moment of inertia.
The only tricky part of the problem is writing down the kinetic energy of the
disk. We note that the velocity and the angular velocity are simply related
by V = ωR. Using φ as the generalized coordinate of the problem we can
relate it the angular velocity by noting that the center of mass moves in a
circle of radius R − a which gives ω = φ̇(R − a). Using I = mR2

2
we get the

following Lagrangian

L =
3

4
M(R− a)2φ̇2 +Mg(R− a) cosφ (9)

The equation of motion gives φ̈ = −2
3

g
R−a sinφ.
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(b) To find the equilibrium position we need both velocity to be zero.
More quantitatively, the acceleration vanishes and in order to have a stable
equilibrium position it is clear that sinφ should be zero.

(c) From part (a) it immediately follows that the frequency of oscillations

ω =

√
2

3

g

R− a
(10)

CM III Aug. 2001 We consider a particle with charge e and mass m mov-

ing in a plane perpendicular to a constant magnetic field ~B and subject to
a harmonic oscillator potential such that the Hamiltonian of the system is
given by

H =
p2x
2m

+
(py − bx)2

2m
+

1

2
mω2y2 (11)

with b = eB
c

. The solution of the Hamiltonian equations for the Hamiltonian
can be obtained more easily if we first apply a canonical transformation to
the coordinates and the momenta.

(a) Consider the transformation

x = X, px = Pxy = −PY , py = Y. (12)

Show that this transformation is canonical.
(b) What is the Hamiltonian in terms of the new variables? What are the
new Hamilton equations of motion?
(c) Solve the equations of motion for X and Y .
(d) Construct the general solution for the Hamiltonian in (11). Check that
it has the correct number of arbitrary parameters.

Solution

(a) A transformation is said to be canonical if the Poisson brackets satisfy
the same relations in the new coordinates as they do in the old ones.
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The two standard relations are

{qi, qj} = 0 (13)

{pi, pj} = 0 (14)

{qi, pj} = δij (15)

One can see from (13)-(15), these relations are preserved under the canonical
transformation.

(b)Plugging the transformations in we get,

H =
P 2
X

2m
+

1

2
mω2P 2

Y +
1

2m
(Y − bX)2 (16)

And the resulting equations of motion are

Ẍ =
b

m2
(Y − bX) (17)

Ÿ = −ω2(Y − bX) (18)

(c) To solve these equations it is evident that we should multiply (17) by
b and subtract it from (18). Defining α2 ≡ b

m
we get the resulting coupled

equations of motion,

(Ÿ − bẌ) = −(ω2 + α2)(Y − bX) (19)

The most general solution to this equation is sines and cosines i.e

(Y − bX)(t) = A sin(γt) +B cos(γt) (20)

Note that there are two independent constants A, and B, common to second
order differential equations.

(d)The original Hamilton’s are

ẋ =
px
m
, ṗx =

(py − bx)b

m
(21)
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ẏ =
py − bx
m

, ṗy = −mω2y (22)

Making similar arguments as in (c) we can transform the equations of motion
to a single equation of motion. For each equation we have a single arbitrary
parameter which is common to first order differential equations so that al-
together we have four constants. Note in part (c) we also have four but we
took two of those and absorbed them in the integration constants A and B.

CM I 2005 A uniform ladder of length l leans against a smooth(no fric-
tion) wall. The floor is also smooth and the ladder makes an angle of θ0 with
the floor when the ladder is installed at rest.

(a)Before the ladder leaves the wall, express the equations of motion of the
ladder as a single generalized coordinate.
(b)Find a constant of the motion.
(c)Find the angle θ at which the ladder leaves the wall.

Solution

(a) Using θ as a generalized coordinate, we write the Cartesian coordinates
of the center of mass of the ladder in terms of the angle i.e, X = l

2
cos θ and

Y = l
2

sin θ. With these definitions we can write the Lagrangian as

L =
1

6
ml2θ̇2 − mgl

2
sin θ (23)

and the equation of motion follows immediately,

1

3
ml2θ̈ +

mgl

2
cos θ = 0 (24)

(b)Since the kinetic energy is a quadratic homogeneous form of velocities,
the Hamiltonian and energy coincide and is a constant of the motion not
surprisingly.
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(c) The energy function is

E =
1

6
ml2θ̇2 +

mgl

2
sin θ (25)

Plugging in the initial conditions for the ladder, we get that E = mgl
2

sin θ0.
The ladder leaves the wall when the horizontal component of the acceleration
is zero i.e Ẍ = 0. With some algebra we can show that the horizontal
acceleration is

l

2
cos θθ̇2 +

l

2
sin θθ̈ (26)

Solving for θ̈ and using the expression for the energy gives finally

θ = arcsin(
2

3
sinθ0) (27)

As a sanity check, if the initial angle was π
2
, the angle is about 42o as expected.

CM III 2004 Consider a particle in a Kepler-like central potential V (r) =
−G/r + α/r2. Suppose that this potential describes the motion of a planet
around a star (ideal situation).

(a)Which quantities are conserved when α = 0? Draw the shape of the
trajectories for negative and positive energies E.
(b)Argue for α = 0 the number of integrals of motion is exactly enough to get
the solution for the trajectory of the planet by solving algebraic expressions
only.
(c)Which quantities are conserved when α 6= 0? What values of E are al-
lowed? Draw schematic trajectories for E < 0 and positive α.
(d)Now consider the case when α < 0. Draw the trajectories and derive the
condition on the energy E and impact parameter b under which the planet
falls onto the star. What is the trajectory separating falling and scattering
trajectories?

Solution
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(a) When the second term in the potential is zero, the conserved quan-
tities are the angular momentum, energy and the Runge-Lenz vector. For
negative energies, the trajectories are elliptical unless the energy is equal to
the minimum of the effective potential. When the energy is zero we have
a parabolic trajectory and when the energy is larger than zero we have a
hyperbolic trajectory.

(b) Due to the integrals of motion we can solve these equations algebraically.
Due to the additional symmetry of the Coulomb potential, the Runge-Lenz
vector is conserved along this trajectory. Since for α = 0, the trajectory is
closed for negative energy, this means that the trajectory is a single valued
function of r. Since it is single valued, this implies that the trajectories can
be solved algebraically.

(c) For α 6= 0, the conserved quantities are still the angular momentum and
the energy. However, the Runge-Lenz vector is not conserved. The allowed
ranges of energies depend on the eccentricity of the orbit which is bounded
by 0 and 1. This implies that the energies should be negative for positive α.
The trajectories are spiral elliptical trajectories (see e.g. Likharev chapter 3
notes).

(d) For α < 0. As a schematic the particle falls on the center of this poten-
tial when the energy is less than the maximum of the effective potential. To
find the maximum impact parameter, we simply find the radius that maxi-
mizes the effective potential and relative the impact parameter to the angular
momentum. When the energy is larger than this, the particle gets scattered.
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