
Stat Mech Problems

April 16, 2015

Problem 1
A mass m with charge q moves along the x-axis in a harmonic potential
V (x) = 1

2
kx2. In the absence of an electric field, this system has energy

levels εn = (n+ 1
2
)h̄ω. Here ω =

√
k
m

.
(a) Find the partition function Z and free energy F of the system.
An electric field E is applied. The potential is changed to V (x) = 1

2
kx2−qEx

(b) Find the new energy levels by writing the potential as V (x) = 1
2
k(x −

xo)
2 − δ, where xo and δ depend on the electric field.

(c) Find the new partition function and free energy when the field is applied.
(d) Use dF = −SdT − pdE to find the polarization p of the system.
(e) Find a relation between the polarization p,xo, and q.

Solution
(a) We have

Z =
∑∞
n=0 e

−βEn , F = −kT lnZ

Plugging everything in gives

Z = 1

2 sinh(βh̄ω
2

)
, F = kT ln(2 sinh(βh̄ω

2
))

(b)After completing the square the potential takes the form of

V (x) = 1
2
k(x− qE

k
)2 − q2E2

2k

and therefore the energies

εn = (n+ 1
2
)h̄ω − q2E2

2k
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(c) The new partition function ZE and free energy FE is

ZE = eβδZ, FE = δ + F

where F and Z were given in part (a).

(d) Using the above relation immediately gives p = q2E
k

.

(e) Noting the xo = qE
k

gives p = qxo.

Problem 2
The entropy of n moles of a certain fluid is given by

S = S0 + nR ln V−nb
V0−nb + 3

2
nR ln sinh[ c

n
(U + n2a

V
)],

where U and V are the internal energy and volume of the substance, respec-
tively, V0 = nv0, and the quantities S0, R, a,b, c, v0 are all constants.

(a) Derive the equation of state for this material.
(b) Derive an expression for CV .

Solution
(a) We know the following relation is true

T−1 = ∂S
∂U
.

Using this we find

T 1 = 3Rc
2

coth[ c
n
(U + n2a

V
)]

i.e.,

U = −n2a
V

+ n
c

tanh(αT ), α ≡ 3cR
2
.

From here we can write the free energy of the system with is U − TS and
p which is simply the negative partial derivative of F w.r.t V at constant T.
Doing this will eventually give

(P + n2a
v2 )(V − nb) = nRT

This is the van der Waal equation of state.
(b) The heat capacity can be found from differentiating U w.r.t T at constant
volume. This leads to
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cV = 3nR
2

( 1
1−(αT )2 )

This expression is only a function of temperature which is true for the van
der Waals fluid.

Problem 3
Consider the rotational motion of a dilute gas of N diatomic molecules, each
with moment of inertia I. In this problem you are asked to consider three
cases: a quantum system of diatomic molecules in which the two atoms are
distinguishable (parts a-c); a quantum system of diatomic molecules in which
the two atoms may be considered as indistinguishable spinless bosons (part
d), and a classical system od rotors (part e). In this problem we will con-
sider rotational motion only . You may use the fact that a quantum rotor
has energy levels EJ = h̄2

2I
J(J + 1).

(a) Give an expression for the partition function Z as a function of temper-
ature T . You do not need to evaluate the expressions in a closed form. Be
sure to properly include all degeneract factors in your expression.
(b) When the temperature is low but non-zero, derive an asymptotic expres-
sion for the rotational specific heat per molecule C as a function of T .
(c) In the high temperature limit find C.
(d) Give an expression for Z which replaces the one in part (a) for indistin-
guishable spinless bosons. You don’t need to evaluate it.
(e) The expression for C using quantum statistical mechanics should ap-
proach the classical result in the high temperature limit. Show that it does.

Solution
(a) The degeneracy of each level is 2J + 1. The partition function for a single
molecule is

Z =
∑∞
j=0(2J + 1)e

−βh̄2J(J+1)
2I .

Since we are dealing with distinguishable particles, the total partition func-
tion for N particles is simply

Z = ZN .

(b) For low temperatures the terms with high J are exponentially suppressed
since β is already large. Therefore we can approximate Z with only its first
two terms.
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Z ≈ 1 + 3e
−βh̄2

I .

Taking the logarithm and expanding it for low temperature we can find the
average energy for the system. The result is

〈E〉 ≈ 3N h̄2

I
e

−βh̄2

I .

And the heat capacity in its asymptotic form naturally follows,

C ≈ 1
T 2 e

−βh̄2

I

up to some constants.
(c) When the temperature is high, Z becomes

Z ≈ (
∫∞

0 (2J + 1)e
−βh̄2J(J+1)

2I )N .

Doing the integral gives

Z ≈ ( 2I
βh̄2 )N .

From here we see that the average energy scales as T and the heat capacity
is constant.
(d) For indistinguishable particles, the partition function changes slightly. It
is given as

Zq = Z
N !

.

The N ! is the Boltzmann counting rule to make sure we don’t overcount
states.
(e) Doing the straightforward calculation for C for part (c) will eventually
give C = Nk as the heat capacity. Note the 3 disappears as the classical limit
the degeneracy of each level doesn’t concern us as it does at low temperatures.
We expected this answer. The equipartition theorem tells us that for each
quadratic degree of freedom in a classical system, that contributes kT

2
to the

energy. So we have two different atoms with their own contribution of kT
2

.
So one diatomic molecule contributes kT to the energy and if there are N of
them, then E = NkT . The equipartition theorem is a good sanity check if
you are asked to find E and C for classical systems with quadratic d.o.f. just
in case you have to verify calculations explicitly.
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Problem 4 One mole of an ideal gas initially has a volume of V1 and a
temperature T1. If it goes through a transition such that it has a final volume
of V2 and a final temperature of T2, find the change in entropy.

Solution
This is a very easy application of the ideal gas law and the first law of ther-
modynamics. Recall

PV = RT , TdS = dU + PdV , and dU = CvdT .

From here everything follows

∆S = Cv ln(T2

T1
) +R ln(V2

V1
).

Problem 5
A system has entropy

S = A(NV U)1/3,

where A is a constant, U is internal energy, V is volume, and N is the number
of particles in the system.
(a) Derive expressions for U(S, V,N), and temperature, T (S, V,N).
(b) Hence derive an expression for the pressure, P (V,N, T ).

Solution
(a) Simply rearranging for U and using the relation for T given in problem
2, we get

U = 1
NV

( S
A

)3, T = U
3S

.

(b) The pressure is minus the derivative of U w.r.t V at constant S. This
gives

PV = U = 3TS, i.e. P = (3(TA)3N
V

)1/2.

Problem 5
Suppose that you have a box of ideal gas at temperature T. The molecules
in the box can exchange energy among themselves, but not with their sur-
roundings.
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(a) Take the partition function for the system to be Z. Find the proba-
bility P (E)dE that a molecule will have kinetic energy between E and dE.
(b) Show that the momentum distribution of the molecules is a Gaussian and
also show that it can be factored into a product of three Gaussians.
(c) Find the partition function.
(d) Find the probability distribution of the velocity vector.
(e) What is the average velocity of the gas in any given direction? Does this
make sense? Why or why not?

Solution
(a) The probability distribution is given in the canonical ensemble as

P (E) = e−βE(
∫
e−βEdE)−1

(b) For the ideal gas, the dispersion is parabolic, i.e., E = p2

2m
. With this in

mind the Maxwell distribution takes the following form

P (p) = e−β
p2

2m

Z

and in three dimensions p2 = pip
i, which factorizes into three Gaussians.

(c) The partition function is

Z =
∫∞
−∞ e

−β
p2x+p2y+p2z

2m dpxdpydpz

Transforming everything to spherical coordinates and computing gives

Z = 2(2mπ
kT

)3/2.

(d) The idea here is that the probability distribution again factorized since
the three directions are completely independent from each other. More ex-
plicitly this means that

P (~v) = P (vx)P (vy)P (vz).

These distributions should have the same functional form which in this case
is a Gaussian. The only difference is that E = 1/2mv2.
(e) The average velocity in any direction is zero as it should be. This is
because the gas can move in either the positive or negative direction therefore
averaging out. This can verified explicitly.
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Problem 6
A system consisting of a large number, N , of indistinguishable non-interacting
spin-1/2 fermions confined to a 2-D infinite square potential well of side-
length L, and is at temperature T .

(a) Starting with the Schroedinger equation, obtain an expression for the
energies, εs, of the single-particle energy states.
(b) Write down an expression for the expectation of the occupation number,
of the single-particle state of energy εs.
(c) Obtain an expression for the density of states factor ω(ε).
(d) Obtain an explicit expression for the chemical potential valid at any tem-
perature, T . What is the form of the chemical potential at low temperatures.
(e) Obtain an explicit expression for the energy in the low temperature
regime.
(f) Obtain an expression for the heat capacity C in the low temperature
regime.
(g) Find the energy in the limit as T → 0.

Solution
(a) The Schroedinger equation for the problem is

−h̄2

2m
(∂2
x + ∂2

y) = E, εs =
(n2
x+n2

y)π2h̄2

2mL2 .

(b) The occupancy is given by the Fermi distribution

〈ns〉 = N
eβ(εs+µ)+1

.

(c-g) Given in HW solution of 540.

Solution
We are given PV -diagram plot for an ideal gas which goes through a cyclic
process. The gas starts at point A, then makes transitions to B, then to C,
and then finally back to A. The transition from A to B is adiabatic. Point
A has point [P1, V1], B has [P2, V2], and C [P2, V1].
(a) What is the total work done by the gas during one complete cycle.
(b) What is the total heat absorbed during one complete cycle?

Solution
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(a) The work done by the gas means we have a negative sign (this is
a convention). Let’s first note the from point C to A, the volume doesn’t
change so we have no mechanical work being done. So now we have to find
it for the other lines on the PV diagram.
The work done is

W = −
∫
PdV

For an adiabatic process we have PV γ = const, and for an isobaric we have
PV = const. So with this in mind we will find when the dusk clears (after
some ANNOYING algebra),

W = −P1V
γ
1

1−γ [V 1−γ
2 − V 1−γ

1 ] + P2V2 ln(V2

V1
).

(b) For the total heat, we have to do the same for each curve on the cycle.
We note that for the adiabat, there is no heat transfer. However for the
isobar we have the follow δQ = cpdT , and for the isochore δQ = cV dT . We
use the ideal gas law to find T1 and T2. We eventually find

Q = (2cv +R)(T2 − T1).

You can express the temperatures back to pressures and volumes since these
are given and there is no mention of temperatures anywhere in the problem.
However, the answer will be left as so.
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